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In order to obtain a consistent formulation of octonionic quantum mechanics (OQM), we intro- 
duce left-right barred operators. Such operators enable us to find the translation rules between 
octonionic numbers and 8x8 real matrices (a translation is also given for 4x4 complex matri- 
ces). The use of a complex geometry allows us to overcome the hermiticity problem and define 
an appropriate momentum operator within OQM. As an application of our results, we develop an 
octonionic relativistic free wave equation, linear in the derivatives. Even if the wave functions are 
only one-component we show that four independent solutions, corresponding to those of the Dirac 
equation, exist. 



I. INTRODUCTION 



^ , In the early thirties, in order to explain the novel phenomena of that time, namely /?-decay and the strong inter- 
fT^ ' actions, Jordan [|l| introduced a nonassociative but commutative algebra as a basic block for a new quantum theory. 
04 , With the discovery that 3x3 hermitian octonionic matrices realize the Jordan postulate [^,^ , octonions appeared, in 
quantum mechanics, for the first time. The hope of applying nonassociative algebras to physics was soon dashed with 
1^ \ the Fermi theory of the /3-decay and with the Yukawa model of nuclear forces. Octonions disappears from physics 
• as soon after being introduced. Banished from physics, octonions continued their career in mathematics 1^-0. Semi- 
I simple Lie groups, classified in four categories: orthogonal groups, unitary groups, symplectic groups and exceptional 
. groups, were respectively associated with real, complex, quaternionic and octonionic algebras. Thus, such algebras 
'^i ■ became the core of the classification of possible symmetries in physics. 
' ^ From the sixties onwards, there has been renewed and intense interest in the use of octonions in physics The 
octonionic algebra has been in fact linked with a number of interesting subjects: structure of interactions Q, SUji) 
(— I color symmetry and quark confinement |10 1^, standard model gauge group |l^, exceptional GUT groups [13 



Dirac-Clifford algebra ||lj], nonassociative Yang-Mills theories p^ , |r6| , space-time symmetries in ten dimensions [171, 
supersymmetry and su perg ravity theories [pq,pj|[. Moreover, the recent successful application of quaternionic numbers 



in quantum mechanics l20H24l, in particular in formulating a quaternionic Dirac equation [25 -28], suggests going one 
' step further and using octonions as underlying numerical field. Nonassociative numbers are difficult to manipulate 
5^ , and so the use of the octonionic field within OQM and in particular in formulating the Dirac equation [ p9| is non- 
trivial. Obviously, if we are not able to construct a suitable OQM, octonions will remain beautiful ghosts in search of 
a physical incarnation. 

In this work, we overcome the problems due to the nonassociativity of the octonionic algebra by introducing left-right 
barred operators (which will be sometimes called generalized octonions). Such operators complete the mathematical 
material introduced in the recent papers (on octonionic representations and nonassociative gauge theories) of Joshi 
et al. []l5|,^. Then, we investigate their relations to GL{8, ft) and GL{A, C). Establishing this relation we find 
interesting translation rules, which gives us the opportunity to formulate a consistent OQM. Both the quantum 
mechanics postulates and the octonions nonassociativity property will be respected. 

The philosophy behind the translation can be concisely expressed by the following sentence: "There exists at least 
one version of octonionic quantum mechanics where the standard quantum mechanics is reproduced" . The use of a 
complex scalar product jSOj (or complex geometry as called by Rembielihski ||3l|| ) will be the main tool to obtain such 
an OQM. 
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Is there any other acceptable octonionic quantum theory? Do octonionic quantum theories necessitate complex 
geometry? At this stage these questions lack answers and the aim of our work is to clarify these points. 

We wish to stress that translation rules don't imply that our octonionic quantum world (with complex geometry) is 
equivalent to the standard quantum world. When translation fails the two worlds are not equivalent. An interesting 
case is supersymmetry. Since the number of spinor components will be reduced from 4 to 1, the number of degrees 
of freedom between bosonic and fcrmionic fields matches. So we need just one fermion and one boson without any 
auxiliary field. 

Similar translation rules, between quaternionic quantum mechanics (QQM) with complex geometry and standard 
quantum mechanics, have been recently found p^ . As an application, such rules can be exploited in reformulating 
in a natural way the electroweak sector of the standard model . 

This article is organized as follows: In section II, we give a brief introduction to the octonionic division algebra. In 
section III, we discuss generalized numbers and introduce barred operators. Working with nonassociative numbers we 
need to distinguish between left-barred and right-barred operators. In section IV, we investigate the relation between 
generalized octonions and 8x8 real matrices. In this section, we also give the translation rules between octonionic 
barred operators and GL{A, C), which will be very useful in formulating our OQM. After these mathematical sections, 
in section V, we show how the complex geometry allows us to overcome the hermiticity problem. In this section we 
also introduce the appropriate definition for the momentum operator (which satisfy the required commutation rules 
with our octonionic hamiltonian) and the new completeness relations. As application of our results, in section VI, 
we explicitly develop an octonionic Dirac equation and suggest possible difference between complex and octonionic 
quantum theories. Our conclusion are drawn in the final section. 



II. OCTONIONIC ALGEBRA 

A remarkable theorem of Albert | |3^ shows that the only algebras, A, over the reals, with unit element and admitting 
a real modulus function N{a) {a G A) with the following properties 

A^(0) = , (la) 

N{a) > if a ^ , (lb) 

N{ra) = \r\ N{a) ( r G 7^ ) , (Ic) 

N{aia2)<N{ai)+N{a2) , (Id) 

are the reals, TZ, the complex, C, the quaternions, Ti. {Ti. in honour of Hamilton [Q), and the octonions, O (or 
Graves-Cayle y n umbers |^,^). Albert's theorem generalizes famous nineteenth-century results of Frobcnius ]3^ ] 
and Hurwitz [p7[ , who first reached the same conclusion but with the additional assumption that N{a)^ is a quadratic 
form. 

In addition to Albert's theorem on algebras admitting a modulus function N{a), we can characterize the algebras 
IZ, C, 7t and O by the concept of division algebra (in which one has no nonzero divisors of zero). A classical 
I states that the only division algebra over the reals are algebras of dimensions 1, 2, 4 and 8, the 
only associative division algebras over the reals are TZ, C and Ti., whereas the nonassociative algebras include the 
octonions O (an interesting discussion concerning nonassociative algebras is presented in [^). For a very nice review 
of aspects of the quaternionic and octonionic algebras see ref . |^ and the recent book of Adler . In this paper we 
will deal with octonions and their generalizations. 

We now summarize our notation for the octonionic algebra and introduce useful elementary properties to manipulate 
the nonassociative numbers. There is a number of equivalent ways to represent the octonions multiplication table. 
Fortunately, it is always possible to choose an orthonormal basis (eo, . . . , ej) such that 

7 

o = ro+^ rme-m ( fo,...,7 reals ) , (2) 

m— 1 

where are elements obeying the noncommutative and nonassociative algebra 

^ra^n — ^ran "t" ^mnp^p ( P — 1; ) ; (3) 

with Cmnp totally antisymmetric and equal to unity for the seven combinations 

123, 145, 176, 246, 257, 347 and 365 



theorem [|8 39 
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(each cycle represents a quaternionic subalgebra). The norm, N{o), for the octonions is defined by 

N{o)^io^o)i = ioo^)^ = {rl + ... + r^j)^ , (4) 
with the octonionic conjugate given by 



o 



7 

''' = ^0 - ^ rmem ■ (5) 



The inverse is then 

o-i = oV^(o) (o^O) . (6) 

We can define an associator (analogous to the usual algebraic commutator) as follows 

{x, y, z} = {xy)z - x{yz) , (7) 

where, in each term on the right-hand, we must, first of all, perform the multiplication in brackets. Note that for real, 
complex and quaternionic numbers the associator is trivially null. For octonionic imaginary units we have 

{^mi ^n; — {^m^n^^p ^m{,^n^p) ^^mnps^s ; (S) 

with Smnps totally antisymmetric and equal to unity for the seven combinations 

1247, 1265, 2345, 2376, 3146, 3157 and 4567 . 

Working with octonionic numbers the associator (|^) is in general non-vanishing, however, the "alternative condition" 
is fulfilled 

{a;, y, z} + {z, y, x} ^0 . (9) 



III. LEFT/RIGHT-BARRED OPERATORS 

In 1989, writing a quaternionic Dirac equation p6|| , Rotelli introduced a barred momentum operator 

-d\i [ (-9 I = -di^i ] . (10) 
In a recent paper |^^ , based upon the Rotelli operators, partially generalized quaternions 

q+p\l [q,pen] , (11) 

have been used to formulate a quaternionic quantum mechanics. From the viewpoint of group structure, these barred 
numbers are very similar to complexified quaternions plf 

q+Jp (12) 

(the imaginary unit X commutes with the quaternionic imaginary units i, j, k), but in physical problems, like 
eigenvalue calculations, tensor products, relativistic equations solutions, they give different results. 
A complete generalization for quaternionic numbers is represented by the following barred operators 

<?! + 92 I i + 93 I i + 94 I fc [ (?i,...,4 e 7i ] , (13) 

which we call fully generalized quaternions, or simply generalized quaternions. Fully generalized quaternions, 
with their 16 linearly independent elements, form a basis of GL{A, TZ). They are successfully used to reformulate 
Lorcntz space-time transformations | |4^ ] and write down a one-component Dirac equation [ p8[ . 
Thus, it seems to us natural to investigate the existence of generalized octonions 

7 

oo + ^ o,„ I em ■ (14) 

m— 1 
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Nevertheless, we must observe that an octonionic barred operator, a \ b, which acts on octonionic wave functions, ip, 

[ a \ b ] = aipb , 

is not a well defined object. For a ^ b the triple product aipb could be either (a'ip)b or aiipb). So, in order to avoid 
the ambiguity due to the nonassociativity of the octonionic numbers, we need to define left /right-barred operators. 
We will indicate left-barred operators by a ) b, with a and 6 which represent octonionic numbers. They act on 
octonionic functions ijj as follows 

[a) b]^P= {a^)b . (15a) 
In similar way we can introduce right -barred operators, defined by a ( 6 , 

[ a ( 6 ] V = a(#) . (15b) 
Obviously, there are barred-operators in which the nonassociativity is not of relevance, like 

l)a=l(a=l|a 

Furthermore, from eq. (^, we have 

{x, y, x} = , 

so 

a)a=a{a=a\a 
At first glance it seems that we must consider the following 106 barred-operators: 

1, Cm J 1 I Cm (15 elements) , 

Cm I C^) 5 

Cm ) e„ (m ^ n) (42) , 

Cm ( (^ ^ n) (42) , 

(m, n = 1, 7) . 

Nevertheless, it is possible to prove that each right-barred operator can be expressed by a suitable combination of 
left-barred operators. For example, from eq. (^, by posing x = Cm and z = e„, we quickly obtain 

Cm ( ~t~ C^ ( Gm = ) Gji -\- Cji ) . (-1^) 

So we can represent the most general octonionic operator by only left-barred objects 

7 

oo + ^ o„i ) Cm [ oo,...,7 octonions ] , (17) 

m— 1 

reducing to 64 the previous 106 elements. This suggests a correspondence between our generalized octonions ( p^ ) and 
GL{8, TV) (a complete discussion about the above-mentioned relationship is given in the following section). 

IV. TRANSLATION RULES 

The nonassociativity of octonions represents a challenge. We overcome the problems due to the octonions nonas- 
sociativity by introducing left/right-barred operators. We discuss in the next subsection their relation to GL{8, TZ). 
In that subsection, we present our translation idea and give some explicit examples which allow us to establish the 
isomorphism between our octonionic left/right barred operators and GL{8, TV). In subsection IV-b, we focus our 
attention on the group GL{A, C) C GL{8, TV). In doing so, we find that only particular combinations of octonionic 
barred operators give us suitable candidates for the GL(4, C)-translation. Finally, in subsection IV-c, we explicitly 
give three octonionic representations for the gamma-matrices. 
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IV-a. Relation between barred operators and 8x8 real matrices 



In order to explain the idea of translation, let us look explicitly at the action of the operators 1 | ei and 62, on a 
generic octonionic function Lp 



Lp = ipo + eiipi + e2<y92 + ezLps, + 64(^4 + e^'Pb + ea^pe + 67(^7 [ 930,. ..,7 e ] 



We have 



[ 1 I ei ] 



e2f 



62^0 ■ 



if I - e3(/32 
e3(/?i - ip2 



62 (/53 
61(^3 



e5V54 
■ e6</54 



64^5 

67^5 



e7</?6 

64 (/?6 



e6<)f7 



(18) 



(19a) 
(19b) 



If we represent our octonionic function </? by the following real column vector 

V y 



(20) 



we can rewrite the eqs. (|l9aj-b) in matrix form 



1 






Vo 
/o 



1 






Vo 



-1 













-1 








-1 


















1 
-10 





-10 



1 









1 

1 









-1 

/ 

o\ 






-1 


/ 



V3 



Vo 

V3 
-V2 
V5 

-V7 
\ V6 J 

(-V2\ 

V3 

V ^5 / 



(21a) 



(21b) 



In this way we can immediately obtain a real matrix representation for the octonionic barred operators 1 | ei and 62- 
Following this procedure we can construct the complete set of translation rules for the imaginary units Cm and the 
barred operators 1 | Cm (table Ala in appendix Al). In this paper we will use the Joshi notation ||l^: Lm and Rm 
will represent the matrix counterpart of the octonionic operators e„i and 1 | Cm, 



and R,„ ^ 1 I 



(22) 



At first glance it seems that our translation doesn't work. If we extract, from the table Ala, the matrices corre- 
sponding to Ci, 62 and 63, namely. 



/O -1 0000 00\ 

1 

000 -1 00 00 

1 

00000 -1 00 

1 

1 

voooooo-10/ 





1 






Vo 



-10 
10 












1 

1 








-1 


0/ 



/000 -1 0000\ 

00 -1 00000 

1 

1 
000 0000 -1 
1 
000 00 -1 00 

Vooo 01000/ 
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we find 

LlL2y^L3 . (23) 

In obvious contrast with the octonionic relation 

6162 = 63 . (24) 

This bluff is soon explained. In deducing our translation rules, we understand octonions as operators, and so they 
must be applied to a certain octonionic function, ip. If we have the following octonionic relation 

(eie2)v? = 631^ (25a) 

the matrix counterpart will be 

L3^ , (25b) 

since the matrix counterparts are defined by their action upon the "wave function" and not upon another "operator" . 
Whereas, 

ei(e2<p) 7^ 631^ (26a) 

will be translated by 

LiL^ip ^ L31P . (26b) 
We have to differentiate between two kinds of multiplication, " • " and " x " . At the level of octonions, one has 

ei • 62 = 63 , (27) 

but at level of octonionic operators 

61 X 62 ^ 63 (28) 



[ ei X 62 = 63 + 61 ) 62 — 61 ( 62 — > see below ] . 

After completing our translation rules we will return to this point and discuss the multiplication rules for octonionic 
barred operators. 

Working with left/right barred operators we show how the nonassociativity is inherent in our representation. Such 
operators enable us to reproduce the octonions nonassociativity by the matrix algebra. Consider for example 

[ 63 ) 61 ] = (63(^)61 = 62<^o - 63V1 + ip2- eups - CQipi - erip^ + enp% + 65(^7 . (29) 

This equation will be translated into 








1 
















( Vo\ 




/ </?2 \ 











-1 




















1 
































-1 












































1 
































1 




















-1 

















Vo 














-1 





oy 


\V7 J 




\-V5 / 



(30) 



Whereas, 

[63(61]!^ = 63(^61) = 62<^0 - 63(^1 + <^2 - 61(^3 + 66<^4 + 67(^5 - 64(^6 - 65(^7 , (31) 

will become 
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/ n 


n 


I 


n 


n 

u 


n 

u 


n 










f ^2 \ 











1 
± 






u 





n 










1 

L 





n 

u 






u 



u 





n 

u 













-1 






















f 3 
























-1 











-<^6 























-1 








-ipj 














1 



















Vo 














1 





0/ 


V <P7 / 




\ 'PS J 



(32) 



The nonassociativity is then reproduced since left and right barred operators, Uke 

63 ) ei and 63 ( ei 

are represented by different matrices. The complete set of translation rules for left/right-barred operators is given in 
the tables Al-L/R. Using Mathematica we have proved the linear independence of the 64 elements which appear 
in the tables "Ala-b & Al-L " and "Al & Al-R " . So, our barred operators form a complete basis for any 8x8 real 
matrix and this establishes the isomorphism between GL{8, TV) and generalized octonions. We provide the necessary 
tables for translating any generic 8x8 real matrix into left/right-barred operators within appendix A2. 

The matrix representation for left /right barred operators can be quickly obtained by suitable multiplications of the 
matrices and Rm- Let us clear up our assertion. From the tables Al-L/R we can extract the matrices which 
correspond to the operators 



) e„ 



and 



which we call, respectively. 



and 



Our left /right barred operators can be represented by an ordered action of the operators and 1 | , and so we 
can related the matrices and M^„, quoted in tables Al-L/R, to the matrices L„i and Rm, given in table Ala. 

Explicitly, 



(33a) 
(33b) 



The previous discussions concerning the octonions nonassociativity and the isomorphism between GL(8, TV) and 
generalized octonions, can be now, elegantly, presented as follows. 
1 - Matrix representation for octonions nonassociativity. 



R 

ran 



[ RnLm LjnRn for m ^ n] 



(34) 



2 - Isomorphism between G-L(8, 'R-) and generalized octonions. 

If we rewrite our 106 barred operators by real matrices: 



1 1 ; Rrn 

M = LmRm — RrnLrn 
^^mn = RnLm {m ^ n) 
M^„ = LnRm (m 7^ n) 
(m, n = 1, 7) ; 



we have two different basis for GL{8, TZ) 



(1) 
(2) 



1 , L 
1, 



R„ 



R„ 



(15 matrices) , 

(7) , 

(42) , 

(42) , 



Rn-Lm 
, LmRn 



We now remark some difficulties deriving from the octonions nonassociativity. When we translate from generalized 
octonions to 8 x 8 real matrices there is no problem. For example, in the octonionic equation 



e4{[(e6'v)ei]e5} 



(35) 
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we quickly recognize the following left-barred operators, 

64 ( 65 and 66 ) 61 
Using our tables we can translate eq. ( p5[ ) into 

A4 Afg^l ip . 



(36) 



Nevertheless, in going from 8x8 real matrices to octonions we should be careful in ordering. For example, 

AB ip (37) 

can be understood as 

{AB)lp , (38a) 



A{Bp) . 

Which is the right equation? To find the solution let us, explicitly, use particular matrices. Defining 



(38b) 



A 



U = 



B 



M. 



31 



/O 











-1 \ 














-f 








-f 

















1 





1 

















-1 











1 














\0 1 











0/ 


/O 


1 








0\ 





-1 











1 














-1 


























1 














1 








-1 








yo 








-1 


0/ 



66 



(39a) 



63 ) ei 



(39b) 



the previous matrix eqs. ( |38a[ -b), respectively, become 

66 X [ 63 ) 61 ] ^ , (40a) 

and 

e6[(63(p)6i] . (40b) 
We know that " x " multiplication is different from the standard octonionic multiplication, so 

66 X [ 63 ) 61 ] ^ " 65 ) 61 . 

Using appendix A2 and translating the matrix AB, we can obtain the octonionic operators which corresponds to 

66 X [ 63 ) 61 ] , 

explicitly, we have 

{ 64 - 1 I 64 - 2ei ) 65 - 65 ) 61 - 66 ) 62 + 62 ) 66 + 267 ) 63 - 63 ) 67 }/3 . 

Its complicated form suggests us to choose eq. ( ^8b| ) for translating eq. (^7|). In general 

ABC ...Zip- A{B{C ...{Zip)...)) . (41) 
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Only for and 1 | e™, we have simple " x "-multiplication rules. In fact, utilizing the associator properties we 
find 

em(e„(p) (e„ie„)(^ + (emV3)e„ - em(c/?e„) , (42a) 

((/?e„)e„ = V3(eme„) - (emV3)e„ + em((/?e„) . (42b) 

Thus, 

^ = ^ran ~t~ ^mnp^p ) ( ; (43a) 

[ 1 I ] ^ [ I ^JTi ] = ^mn ~\~ ^mnp^p ) ( ■ (^'^^) 

At the beginning of this subsection, we noted that the correspondence between the matrices, Lm, and the octonionic 
imaginary units em is in contrast with the standard octonionic relations 

^m^n — ^mn ^innp^p ; (^^) 

for example, look at 

L1L2 7^ is 

Introducing a new matrix multiplication, " o " , we can quickly reproduce the nonassociative octonionic algebra. From 
eq. (42a), we find 

LmLn (/3 = L,„ o L„ LP + [i?„ , L„] </J , (45) 

so we can relate the new matrix multiplication, " o " , to the standard matrix multiplication (row by column) as 
follows 

Lm ° Ln = LmLn + [Rn, Lm] ■ (46) 

Eq. ( p^ ) is then translated by 

Lm ^ Lr,i ^mn ^~ ^mnpLp . (47) 



IV-b. Relation between barred operators and 4x4 complex matrices 

Some complex groups play a critical role in physics. No one can deny the importance of U{1, C) or SU(2, C). In 
relativistic quantum mechanics, GL{4:, C) is essential in writing the Dirac equation. Having GL{8, TV), we should be 
able to extract its subgroup GL{A, C). So, we can translate the famous Dirac-gamma matrices and write down a new 
octonionic Dirac equation. 

Let us show how we can isolate our 32 basis of G'i(4, C): 
If we analyse the action of left-barred operators on our octonionic wave functions 

V' = V'l + e2V'2 + e4V'3 + e6^/'4 [i^i 4 e C(l, ei) ] , (48) 

we find, for example, 

[ 1 I ei ] V' = Vei = '(/'I + e2(eiV'2) + e4(eiV'3) + e6(eiV'4) , 

[ 63 ) ei ] V' = (e3V')ei = V^2 + 62^'! + e4V'4 - eeV'a ; 

the action of our barred operators is quoted in the tables Bla-b and Bl-L/R, given in appendix Bl. 

Following the same methodology of the previous section, we can immediately note a correspondence between the 
complex matrix 1X4x4 and the octonionic barred operator 1 | ei 



i 

i 

i 

i 



1 I ei . (49) 



S. De Leo and K. Abdel-Khalek - pag. 9 



Observe that we are working with the symplectic decomposition of octonions 



V V4/ 



■^1 + e2V'2 + e4V'3 + eelpA 



(50) 



Such an identification will be much clearer when we introduce a complex geometry. In fact, choosing a complex 
projection for our scalar products, 

tjji, e2'4}2, eitjja, ea'^}^ 

will represent complex-orthogonal states. 

The translation doesn't work for all barred operators. Let us show it, explicitly. For example, we cannot find a 
4x4 complex matrix which, acting on 

•02 

gives the column vector 



or 





and so we have not the possibility to relate 

62 or 63 ) 61 

with a complex matrix. Nevertheless, a combined action of such operators gives us 

62-0 + (e3l/')ei = 262^'! , 

and it allows us to represent the octonionic barred operator 

62 + 63 ) 61 , 

by the 4x4 complex matrix 

/O \ 

2 


\ / 



(51a) 



(51b) 



Following this procedure we can represent a generic 4x4 complex matrix by octonionic barred operators. The explicit 

correspondence-tables arc given in appendix B2. 

We conclude this subsection discussing a point which will be relevant to an appropriate definition for the octonionic 
momentum operator (subsection V-b): The operator 1 | ei (represented by the matrix 1X4x4) commutes with all 

operators which can be translated by 4 x 4 complex matrices (sec appendix B2). This is not generally true for a 
generic octonionic operator. For example, we can show that the operator 1 | ei doesn't commute with 62, explicitly 

62 { [ 1 I ei ] } =e2(V'ei) = ~ eii'2 - e^ipi - er,il)l - ejil^l , (52a) 
[ 1 I 61 ] {62 ^ } = (62V')ei = - 611/12 - 631/'! + e5V'4 + erV's • (52b) 

The interpretation is simple: 62 cannot be represented by a 4 x 4 complex matrix. 
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IV-c. Octonionic representations of the gamma-matrices. 

We conclude this section by showing exphcitly three octonionic representation for the Dirac gamma-matrices ||44[] : 

1-Dirac representation, 

12^ 1 ^ 

1° ^ ^ - e„, \ e,n + -^^en \ Cn , (53a) 

m— 1 n— 4 

7 

2 1 1 ■ 

7^ = -gGe - 2 I 66 + 65 ) 63 - 63 ) 65 - - ^ eps66p ) 6^ , (53b) 

p. s— 1 



2 1 



I 67 + 63 ) 64 - 64 ) 63 - - ^ eps76p ) es , (53c) 



7 =-367- 3 3 



2 1 1 1—^ 

7" = -364 - 3 I 64 + 67 ) 63 - 63 ) 67 - - ^ eps46p ) Cs ; (53d) 



p, s—l 
7 



s=l 



2-Majorana representation, 

7 



^67 - ^ I 67 + 63 ) 64 - 65 ) 62 + 66 ) 61 - i ^ eps76p ) Cs , (54a) 

p, s — 1 

2 1 1 ■ 

361 + 3 I 61 + 65 ) 64 - 64 ) 65 + - ^ Epsiep ) 6s , (54b) 

p, S—l 

7 

2 1 1 X ^ 

+ ^ I 67 + 64 ) es - ea ) 64 + - ^ e^syep ) , (54c) 

s—l 

1 1 ^ 

o I 63 + 67 ) 64 - 64 ) 67 + - ^ EpsSep ) 6^ ; (54d) 



7 363 . 3 ^ 

p, s—l 



3-Chiral representation, 

7 



7° = ^64 - I 64 + 67 ) 63 - 62 ) 66 + 65 ) 61 - i ^ eps46p ) Cs , (55a) 



2 

7' = -0^6 



p, s — l 

7 



^ ~ ^ " I I 66 + 65 ) 63 - 63 ) 65 - ^ ^ eps66p ) 6s , (55b) 



3" 31U'-.- 3 

p, S — l 

2 _ _f 

7 - 36, 3 , ^, , . ^, ^, . 3 

p, S — l 



7 - I 67 + 63 ) 64 - 64 ) 63 - i ^ eps76p ) 6s , (55c) 

p, s — l 

1 1 ^ 

- I 64 + 67 ) 63 - 63 ) 67 - - ^ eps4ep ) 6s . (55d) 



/ 3 3' "''3 

p, S — l 



V. OCTONIONIC PHYSICAL WORLD 



We organize this section in three subsections. In subsection V-a, we discuss the Dirac algebra and its problems 
related to the nonassociativity of the octonionic numbers. In subsection V-b, we introduce the concept of complex ge- 
ometry and define an appropriate momentum operator. In the final subsection we present the octonionic completeness 
relations. 
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V-a. Dirac algebra 



In the previous section we have given the gamma-matrices in three different octonionic representations. Obviously, 
we can investigate the possibihty of having a more simpler representation for our octonionic 7^-matrices, without 
translation. 

Why not 

ei , 62 , 63 and 64 | 64 

or 

ei , 62 , 63 and 64 ) 61 ? 

Apparently, they represent suitable choices. Nevertheless, the octonionic world is full of hidden traps and so we must 
proceed with prudence. Let us start from the standard Dirac equation 

^^Pui^ = ; (56) 

(we will discuss the momentum operator in the following subsection, for the moment, represents the "real" eigen- 
value of the momentum operator) and apply ^'^p^ to our equation 

= mj'^Pf_,ip . (57) 

The previous equation can be concisely rewritten as 

P^P^l^il''^) = m^i^ ■ (58) 

Requiring that each component of ip satisfy the standard Klein-Gordon equation we find the Dirac condition, which 
becomes in the octonionic world 

7''(7»+7"(7^V') = 25^''^ , (59) 

(where the parenthesis are relevant because of the octonions nonassociative nature) . Using octonionic numbers and 
no barred operators we can obtain, from (^9|), the standard Dirac condition 

{7^ Y} = ^9^" ■ (60) 

In fact, recalling the associator property [which follows from eq. (^)] 

{a, 5, ip} = —{6, a, ip} [ o,, b octonionic numbers ] , 

we quickly find the following correspondence relation 

{ab + ba)%}j = 0(67/') + b{aii) . 



We have no problem to write down three suitable gamma-matrices which satisfy the Dirac condition (60), 

(7!, 7^, 7^) = (ei, 62, 63) , (61) 

but, barred operators like 

64 I 64 or 64 ) 61 

cannot represent the matrix 7". From the tables Bl and B2 (appendix B), after straightforward algebraic manipula- 
tions, one can prove that the barred operator, 64 | 64, doesn't anticommute with 61, 

61(64^^64) + e4(6i'0)e4 = -2(637/^2 + e7V'4) 7^ , (62) 

whereas 64 ) ei anticommutes with 61 

ei[(64V')ei] -I- [e4(ei?A)]ei = , (63a) 

but 

{ei[{eAtp)ei]}ei = ipi - e2ip2 + Giips - e^ipi ■ (63b) 

Thus, we must be satisfied with the octonionic representations given in the previous section. In the following 
subsection, we discuss two interesting questions: Do the octonionic imaginary units ei, 62, 63 satisfy all the gamma- 
matrices properties? What about their hermiticity? 
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V-b. Complex geometry and octonionic momentum operator 



We begin this subsection by presenting an apparently hopeless problem related to the nonassociativity of the 
octonionic field. Working in quantum mechanics we require that an antihermitian operator satisfies the following 
relation 

dx ^^{A(j)) = - /dx {AiP)'^(j} . (64) 



In octonionic quantum mechanics (OQM) we can immediately verify that d represents an antihermitian operator with 
all the properties of a translation operator. Nevertheless, while in complex (CQM) and quaternionic (QQM) quantum 
mechanics we can define a corresponding hermitian operator multiplying by an imaginary unit the operator d, one 
encounters in OQM the following problem: 

no imaginary unit, Bm , represents an antihermitiaii operator 

In fact, the nonassociativity of the octonionic algebra implies, in general (for arbitrary ^ and 0) 

dx ip^Cn^ct)) ^ - J dx {cmipy <j) = J dx {tp'' e,n)<P (m = l,...,7) . (65) 

This contrasts with the situation within complex and quaternionic quantum mechanics. Such a difficulty is overcome 
by using a complex projection of the scalar product (complex geometry), with respect to one of our imaginary units. 
We break the symmetry between the seven imaginary units ei, ... , ey and choose as projection plane that one 
characterized by (1, ei). The new scalar product is quickly obtained performing, in the standard definition, the 
following substitution 

, 1 - ei I ei 
dx^ 2 

Working in OQM with complex geometry, ei represents an antihermitian operator. In order to simplify the proof 
we write the octonionic functions and as follows: 

V' = -01 + e2ip2 + e4ip3 + eeip4 , 

= (/'I + 6202 + 6403 + 6604 , 

[ ^/'i,...^ and 0i,...,4 g C(l, ei) ] . 

The antihermiticity of ei is shown if 

' dx ^^^(610) = - j (6i0')V • (66) 

In the previous equation the only nonvanishing terms are represented by diagonal terms {'-^ V'i0i: "02021 "0303: '0404)- 
In fact, off-diagonal terms, like "02031 "03041 ^ire killed by the complex projection, 

(V'262)[6l(6403)] ^ (0262 + 0363) (Q!4e4 + Q!565 )-- ageg + QfyeT , 
[(^^364)61] (6604) ^ (/3464 + /3565)(/36e6 + /3767) ~ /?262 + /3363 , 

[ ot2,...,7 and /32,...,7 e 7?. ] . 

The diagonal terms give 

dx V^(ei0) = "01(6101) - (V'|62)[ei(e202)] - ("0^e4)[ei(e403)] - (0^466) [ei(e604)] , (67a) 
dx (ei0;)^0 = (0^161)01 - [("0262)ei](e202) - [(0^^^64)61] (e403) - [(V^l 66)61] (e604) ■ (67b) 
The parenthesis in ( |67a[ -b) are not of relevance since 
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tp\ei(j)i (1, ei) is a complex number , 

'4'2^2Sie2<p2 (subalgebra 123) , 
^'364616403 (subalgebra 145) , 

■0466616604 (subalgebra 176) are quaternionic numbers . 

The above-mentioned demonstration does not work for the imaginary units 62, ... ,67 (breaking the symmetry between 
the seven octonionic imaginary units). 

Now, we can define an hermitian operator multiplying by ei the operator d. However, such an operator is not 
expected to commute with the Hamiltonian, which will be, in general, an octonionic quantity. The final step towards 
an appropriate definition of the momentum operator is represented by choosing as imaginary unit the barred operator 
1 I 61 (the antihermiticity proof is very similar to the previous one). In OQM with complex geometry the appropriate 
momentum operator is then given by 

p = -a|ei . (68) 

Obviously, in order to write equations relativistically covariant, we must treat the space components and time in the 
same way, hence we are obliged to modify the standard QM operator, idt, by the following substitution 

idt — > dt\ ei , 

and so the octonionic Dirac equation becomes 

dt^jci = a ■ (pVj) + mPip ( p = d | ei ) . (69) 

The possibility to write a consistent momentum operator represents for us an impressive argument in favor of the use 
of a complex geometry in formulation an OQM. Besides, such a complex geometry gives us a welcome quadrupling 
of solutions. In fact, 

1p, 620^, 64-0, 660 ^ e C(l, 61) 

represent now complex-orthogonal solutions. Therefore, we have the possibility to write a one-component octonionic 
Dirac equation in which all four standard Dirac free-particle solutions appear. 

V-c. Octonionic completeness relations 

We observe that the dimensionality of a complete set of states for complex inner product < i/" I >c is four times 
that for the octonionic inner product < | >. Specifically if | 77; > are a complete set of intermediate states for the 
octonionic inner product, so that 

< I > = ^ < V I ?7i >< 77i I > . 

\ rji >, I ?7i 62 >, I 77; 64 >, \ rji ee > form a complete set of states for the complex inner product, 

I > = ^ ( I f^i >< 77i I </> >c + I ??; 62 >< 77i 62 I >c + 

-I- I ??; 64 >< »7i 64 I >c + I m 66 >< ?7i 66 I >c ) 
Xm >< Xm I >c , 

rn 

where Xm represent complex orthogonal states. Thus the completeness relation can be written as (for further details 
on the completeness relation, one can consult an interesting work of Horwitz and Bicdenharn, see [pO| - pag. 455) 



i =^\Xm> «Xr. 
rn 

1 =^\Xm» <Xr. 



SO in our formalism we generalize the Dirac's notation by the definitions 

<< Xm I > = < Xm I >c , 
< I Xm >> = < I Xm >c . 
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VI. OCTONIONIC DIRAC EQUATION 

As remarked in section V, the appropriate momentum operator in OQM is 

p= -d \ ei . 

Thus, the octonionic Dirac equation, in covariant form, is given by 

7^(a^Vei) = rriV- , (70) 



where 7'^ are represented by octonionic barred operators (53a-d). We can now proceed in the standard manner. Plane 
wave solutions exist [p (= d \ ei) commutes with a generic octonionic Hamiltonian] and are of the form 

tACx, t) = [ wi(p) +e2U2(p) +e4U3(p) +e6U4(p) ] e-P^'^i [ ui,...,4 € C(l, ei) ] . (71) 

Let's start with 

P = (0, 0, p,) , 

from (|7^), we have 

i;(7»-p,(73V') = mV' . (72) 

Using the explicit form of the octonionic operators 7"' and extracting their action (see subsection Vl-a) from the 
tables quoted in appendix Bl, we find 

E{ui + 62^2 - 64^3 - 66^4) - Pz{u3 - 62^4 ~ &AU\ + 66^2) = to(mi + 62^2 + 64^3 + 66^4) (73) 

From (I73I), we derive four complex equations: 

{E - ■m)ui = +PzU3 , 

{E - ■m)u2 = -PzUi , 

{E + ■m)u3 = +PzUi , 

{E + m)ui = -pzU2 ■ 

After simple algebraic manipulations we find the following octonionic Dirac solutions: 

E = +\E\ uW=N[l + e,j^) , «(2)^7v(e2-e6^)=uWe2 ; 
E^-\E\ ,(3)^^(^_e4) , u(^)=N[e,j^^+e,)^u(^^e2 , 

with N real normalization constant. Setting the norm to 2\E\, we find 

N:^{\E\+m)i . 

We now observe (as for the quaternionic Dirac equation) a difference with respect to the standard Dirac equation. 
Working in our representation ( 53a -d) and introducing the octonionic spinor 

U = (7ow)+ = - 621*2 + 647/3 + 66^4 [u = Ui + £21*2 + 641*3 + 661*4 ] , 

we have 

= = ^(2)^,(2) = ^(2)^(2) ^ 2(m + 64P,) . (74) 

Thus we find 

+u(2)u(2) = 4(^ + 64^^) , (75a) 

instead of the expected relation 

y(i)i2(i)+u(2)y(2) ^^o^_yp^ + ^ . (75b) 



Fu rther more, the previous difference is compensated if we compare the complex projection of (75a) with the trace 
of (|75^ 

[ (u(i)jl(i) +m(2)s(2))OQ^ ]c = Tr[ (u(i)s(i) +u(2)u(2))^<5^ ] = 4m . (76) 

We know that spinor relations like (75a-b) are relevant in perturbation calculus, so the previous results suggest to 
analyze quantum electrodynamics in order to investigate possible differences between complex and octonionic quantum 
mechanics. This could represents the aim of a future work. 
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Vl-a. 7"' ^-action on octonionic spinors 

In the following tables, we explicitly show the action on the octonionic spinor 

U = Ul+ 627/2 + 64li3 + 65^4 [ "l,...,4 € C(l, 61) ] , 

of the barred operators which appear in 7*^ and 7'^. Using such tables, after straightforwards algebraic manipulations 
we find 

7°u = ui+ 62U2 — 64^3 — 66U4 , 
7^u = U3 — 62U4 — 64U1 + 66U2 . 



7''-action 


Ui 




64M3 


66^4 


61 1 61 




62U2 


64M3 


66M4 


62 1 62 




— 62M2 


64W3 


66W4 


63 63 


~ul 


62U2 


64W3 


66U4 


64 1 64 


~ul 


62M2 


-64U3 


66U4 


65 65 


~ul 


62U2 


64"3 


66U4 


66 66 


~ul 


62U2 


64U3 


-66U4 


67 67 


-ul 


62U2 


64M3 


66U4 


7^-action 


Ul 


e2W2 


64W3 


66M4 


64 


64U1 


-66M2 


-U3 


62 M4 


1 1 64 


64W1 


66^2 


-^3 


-62^1 


67 ) 63 


64W1 


66U2 


U3 


-62M| 


63 ) 67 


—e^ul 


-66M2 


-U3 


62 M4 


66 ) 62 




-66li2 


U3 


-62li| 


62 ) 66 


— CiUl 


-66^2 


-U3 


— 62U4 


65 ) 61 


64U1 


66^2 


U3 


-62U| 


61 ) 65 


—e^ul 


-66 "2 


-U*3 


62M4 



VII. CONCLUSIONS 

This paper aimed to give a clear exposition of the potentiality of generalized numbers in quantum mechanics. 
We know that quantum mechanics is the basic tool for different physical applications. Many physicists believe 
that imaginary numbers are related to the deep secret of quantization. Penrose p5|| thinks that the quantization is 
completely based on complex numbers. Trying to overcome the problem of quantum gravity, he proposed to complexify 
the Minkowskian space-time. This represents the main assumption behind the twistor program. Adler ||2^ believes 
that quantization processes should not be limited to complex numbers but should be extended to another member 
of the division algebras rank, the quaternionic field. He postulates that a successful unification of the fundamental 
forces will require a generalization beyond complex quantum mechanics. Adler envisages a two-level correspondence 
principle: 

I classical physics and fields , 

I distance scale complex quantum mechanics and fields , 

I quaternionic quantum field dynamics (preonic level , 
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with quaternionic quantum dynamics interfacing with complex quantum theory, and then with complex quantum 
theory interfacing in the familiar manner with classical physics ( [20|, pag. 498). 

Following this approach, we are tempted to postulate that octonionic quantum field theory may play an essential 
role in an even deeper fundamental level of physical structure. 



Quaternionic quantum mechanics, using complex geometry ]22|-|24| or quaternionic geometry [gO 21 4^, seems to be 
consistent from the mathematical point of view. Due to the octonions nonassociativity property, octonionic quantum 
mechanics seems to be a puzzle. In the physical literature, we find a method to partially overcome the issues relating 
to the octonions nonassociativity. Some people introduces a "new" imaginary units " i = \/— T " which commutes with 
all others octonionic imaginary units, Cm- The new field is often called complexified octonionic field. Different 
papers have been written in such a formalism: Quark Structure and Octonions [|o|, Octonions, Quark and QCD pH , 
Octonions and Isospin ||2^], Dirac-Clifford algebra iQ, and so on. Nevertheless, we don't like complexifying the 
octonionic field and so we have presented in this paper an alternative way to look at the octonionic world. No new 
imaginary unit is necessary to formulate in a consistent way an octonionic quantum mechanics. 

A first motivation, in using octonions numbers in physics, can be concisely resumed as follows: We hope to get a 
better understanding of standard theories if we have more than one concrete realization. In this way we can recognize 
the fundamental postulates which hold for any generic numerical field. 

Having a nonassociative algebra needs special care. In this work, we introduced a "trick" which allowed us to 
manipulate octonions without useless efforts. We summarize the more important results found in previous sections: 

M - Mathematical Contents : 

Ml - The introduction of barred operators (natural objects if one works with noncommutative numbers) facilitate 
our job and enable us to formulate a "friendly" connection between 8x8 real matrices and octonions; 

M2 - The nonassociativity is reproduced by left/right barred operators. We consider these operators the natural 
extension of generalized quaternions, recently introduced in literature p^ ]; 

M3 - We tried to investigate the properties of our generalized numbers and studied their special characteristics in 
order to use them in a proper way. After having established their isomorphism to GL{8, TZ), life became easier; 

M4 - The connection between GL{8, TZ) and generalized octonions gives us the possibility to extract the octonionic 
generators corresponding to the complex subgroup GL{A, C). This step represents the main tool to manipulate 
octonions in quantum mechanics; 

M5 - To the best of our knowledge, for the first time, an octonionic representation for the 4-dimensional Clifford 
algebra, appears in print. 

P - Physical Contents : 

PI - We emphasize that a characteristic of our formalism is the absolute need of a complex scalar product (in QQM 
the use of a complex geometry is not obligatory and thus a question of choice). Using a complex geometry we overcame 
the hermiticity problem and gave the appropriate and unique definition of momentum operator; 

P2 - A positive feature of this octonionic version of quantum mechanics, is the appearance of all four standard Dirac 
free-particle solutions notwithstanding the one-component structure of the wave functions. We have the following 
situation for the division algebras: 

field : complex, quaternions, octonions, 

Dirac Equation : 4x4, 2x2, 1x1 ( matrix dimension ) ; 

P3 - Many physical result can be reobtained by translation, so we have one version of octonionic quantum mechanics 
where a part of the standard quantum mechanics is reproduced. This represents for the authors a first fundamental 
step towards an octonionic world. We remark that our translation will not be possible in all situations, so it is only 
partial, consistent with the fact that the octonionic version could provide additional physical predictions. 

1 - Further Investigations : 

We conclude with a listing of open questions for future investigations, whose study lead to further insights. 

11 - How may we complete the translation? Note that translation, as presented in this paper, works for An x 4n 
matrices. What about odd-dimensional matrices? 

12 - From the translation tables we can extract the multiplication rules for the octonionic barred operators. This 
will allow us to work directly with octonions without translations. 

13 - Inspired from eq. (^), we could look for a more convenient way to express the new nonassociative multiplication 
(for example we can try to modify the standard multiplication rule: row by column); 
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14 - The reproduction in octonionic calculations of the standard QED results will be a nontrivial objective, due to 
the explicit differences in certain spinorial identities (see subsection V-c). We are going to study this problem in a 
forthconiing paper; 

15 - A very attractive point is to try to treat the strong field by octonions, and then to formulate in a suitable 
manner a standard model, based on our octonionic dynamical Dirac equation; 

16 - A last interesting research topic could be to generalize the group theoretical structure by our barred octonionic 
operators. 

Many of the problems on this list deal with technical details although the answers to some will be important for 
further development of the subject. 

We hope that the work presented in this paper, demonstrates that octonionic quantum mechanics may constitute 
a coherent and well-defined branch of theoretical physics. We are convinced that octonionic quantum mechanics 
represents largely uncharted and potentially very interesting, terrain in theoretical physics. 

We conclude emphasizing that the core of our paper is surely represented by absolute need of adopting a complex 
geometry within a quantum octonionic world. 
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APPENDIX Al 



In this appendix we give the translation rules between octonionic left-right barred operators and 8x8 real matrices. 
In order to simplify our translation tables we introduce the following notation: 



{ a, b, c, d }(i) = 



{ a, b, c, d }(3) 



a 

6 

c 

d. 

/G a 

6 

c 

VO d 



{ a, 6, c, d }(2) = 



{ a, 6, c, d }(4) 





a 



























c 


\0 





d 





/° 








a 








6 








c 








\d 












(77a) 



(77b) 



where a, 6, c, d and represent 2x2 real matrices. 

In the following tables ai, a2, 03 represent the standard Pauli matrices: 



CTl 



1 

1 



0-2 



0-3 



1 
-1 



(78) 



TABLE Ala 

Translation rules between 8x8 real matrices and octonionic barred operators em, 1 | 



d « 


- { 


-icr2, 


-i(T2, 




«0-2 }(i) 


, 1 


61 


•«— » 


{ 




«tT2, 


io-2, 


-«cr2 }(l) 


62 ^ 


- { 


-0-3, 




-1, 


1 }(2) 


, 1 


62 


<— > 


{ 


-1, 


1, 


1, 


-1 }(2) , 


63 ^ 


- { 


-0-1, 


0-1, 


-io-2, 


-«'72 }(2) 


, 1 


63 


<— » 


{ 


-«cr2, 


-io-2, 


io-2. 


iO-2 }(2) , 


64 


- { 


-C^3, 


1, 


0-3, 


-1 }(3) 


, 1 


64 


> 


{ 


-1, 


-1, 


1, 


1 }(3) , 


65 « 


- { 








«0-2 }(3) 


, 1 


65 


<— > 


{ 


-io-2, 


-«cr2, 




-io2 }(3) 


66 * 


- { 


-1, 


-0-3, 




1 }(4) 


, 1 


66 


<— > 


{ 




0-3, 


-0-3, 


'^3 }(4) 


6r * 


- { 


-icr2, 


-0-1, 


0-1, 


-ia-2 }(4) 


, 1 


67 


•«— » 


{ 


-0-1, 


0-1, 


-0-1, 


(^1 }(4) 



TABLE Alb 

Translation rules between 8x8 real matrices and octonionic barred o operators Cm | e> 



61 


61 


- { 


-1, 


1, 


1, 


1}(1) 


62 


62 


- { 


-0-3, 


-03, 


1, 


1 }(1) . 


63 


63 


- { 


-0-3, 


03, 


1, 


1}(1) 


64 


64 


- { 


-03, 


1, 


-03, 


1 }(1) ' 


65 


65 


- { 


-cr3, 


1, 


03, 


1}(1) 


66 


66 


- { 


-03, 


1, 


1, 


-<^3 }(1) 


67 


67 


- { 


-0-3, 


1, 


1, 


}(1) 
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TABLE Al-L 

Translation rules between 8x8 real matrices and octonionic left-barred operators 



ei ] 


62 


•«— > 


{ 


i(T2, 


-«cr2, 


«0-2, 


iC72 


}(2) 


> ei ; 


63 


<— > 


{ 


-1, 


-1, 


-1, 


1 }(2) > 


ei ] 


64 


<— > 


{ 




-«cr2, 


-«cr2, 


—i<J2 


}(3) 


, 61 ' 


) 65 


<— > 


{ 


-1, 


1, 


-1, 


-1 }(3) , 


ei ] 


66 


<— > 


{ 


-CTl, 


-CTl, 


0-1, 


-CTl 


}(4) 


, 61 


) 67 


<— > 


{ 


CT3, 


CT3, 


-CT3, 


CT3 }(4) 


62 ; 


61 


<— > 


{ 




-0-1, 


-«CT2, 


-«CT2 


}(2) 


, 62 


) 63 


<— > 


{ 


CTl, 


-CTl, 


«CT2, 


-«CT2 }(i) 


^2 ] 


64 


<— » 


{ 


1, 


-1, 


-0-3, 


CT3 


}(4) 


> ^2 ; 


65 


<— » 


{ 


«CT2, 


-«CT2, 


-CTl, 


CTl }(4) , 


62 ] 


66 


•<— > 


{ 


-0-3, 


-0-3, 


-1, 


-1 


}(3) 


, 62 ' 


67 


<— > 


{ 


-CTl, 


-CTl, 


«CT2, 


^CT2 }(3) , 


^3 ] 


61 


<— > 


{ 


0-3, 


0-3, 


1, 


-1 


}(2) 


63 ' 


) 62 


^ 


{ 


-CTl, 


-CTl, 


-io-2, 


«CT2 }(1) 


ea ] 


64 


<— » 


{ 




io-2, 


-0-1, 


CTl 


}(4) 


1 63 ^ 


) 65 


<— > 


{ 


-1, 


-1, 


CT3, 


-CT3 }(4) , 


ea ; 


) 66 


•«— » 


{ 




-0-1, 




— icF2 


}(3) 


, 63 ' 


) 67 


•<— > 


{ 


-CT3, 


CT3, 


-1, 


-1 }(3) . 




61 


^ 


{ 




icr2, 


-0-1, 


i(T2 


}(3) 


64 ' 


) 62 


<— > 


{ 


-1, 


-CT3, 


-1, 


-1 }(4) , 


64 ; 


63 


<— > 


{ 


-ia-2, 


-0-1, 


-icr2, 


-CTl 


}(4) 


, 64 


) 65 


<— > 


{ 


CTl, 


«CT2, 


-CTl, 


-iCT2 }(1) , 


64 ] 


I 66 


•«— » 


{ 




1, 


-CT3, 


-1 


}(2) 


, 64 ' 


67 


<— > 


{ 


CTl, 


-«CT2, 


-CTl, 


^CT2 }(2) , 


65 ; 


61 


<— > 


{ 


0-3, 


-1, 


0-3, 


1 


}(3) 


, 65 ' 


) 62 


<— > 


{ 


-«CT2, 


-CTl, 


«CT2, 


-CTl }(4) 


65 ; 


63 


<— > 


{ 


1, 


0-3, 


-1, 


CT3 


}(4) 


, 65 


) 64 


<— > 


{ 


-CTl, 


-«CT2, 


-CTl, 


«CT2 }(1) , 


65 ; 


66 


•«— > 


{ 


-0-1, 


i(T2, 


-CTl, 


— icF2 


}(2) 


, 65 ; 


67 


•«— > 


{ 


CT3, 


1, 


CT3, 


-1 }(2) , 


66 ; 


61 


•«— » 


{ 


«cr2, 


0-1, 


-CTl, 


—i<J2 


}(4) 


66 ' 


) 62 


<— > 


{ 


CT3, 


-1, 


1, 


-CT3 }(3) , 


66 ] 


1 63 


<— » 


{ 


-0-1, 


«Cr2, 


«CT2, 


-CTl 


}(3) 


66 


) 64 


<— > 


{ 


-CT3, 


-1, 


-1, 


-CT3 }(2) , 


66 ; 


65 




{ 




— j0"2. 


'CT2, 


-CTl 


}(2) 


, 66 


) 67 


<-> 


{ 


-CTl, 


-«CT2, 


-i(T2- 


-CTl }(1) 


67 ; 


61 


<— > 


{ 


-1, 


-0-3, 


CT3, 


-1 


}(4) 




) 62 


<— » 


{ 


CTl, 


-«CT2, 


-«CT2, 


-CTl }(3) , 




63 


•«— » 


{ 


173, 


-1, 


1, 


CT3 


}(3) 


> er ] 


64 


> 


{ 


-CTl, 


CT2, 


-«CT2, 


-CTl }(2) 




1 65 


•«— > 


{ 


-0-3, 


-1, 


-1, 


CT3 


}(2) 




) 66 




{ 


CTl, 


«CT2, 


«CT2, 


-CTl }(1) 



TABLE Al-R 

Translation rules between 8x8 real matrices and octonionic right-barred operators 



61 


[ 62 


1 


«CT2, 


-»CT2, 


-jCT2, 


-«CT2 ] 


K2) 


61 


[ 63 




[ -1, 


-1, 


1. 


-1} 


'2) 


61 


[ 64 


1 


?CT2, 


io-2, 


-«CT2, 


i(J2 ] 


^3) 


, 61 


. 65 




[ -1, 


-1, 


-1, 


1} 


3) 


61 


[ 66 


\ 


. -CTl, 


CTl, 


-CTl, 


-CTl ] 


1(4) 


, 61 


' 6r 


^ i 


CT3, 


-CT3, 


CT3, 


CT3 } 


'4) 


62 


[ 61 




-CTl, 


-CTl, 


ICT2, 


i(72 


1(2) 


62 


[ 63 


^ \ 


CTl, 


-CTl, 


-i<72, 


io-2 } 


1) 


62 


[ 64 


\ 


[ CT3, 


-CT3, 


-1, 


1 ; 


1(4) 


, 62 


[ 65 


^ \ 


CTl, 


-CTl, 


i(J2, 


-io2 } 


[4) 


62 


[ 66 




: -1, 


-CT3, 


-CT3, 


-CT3 ; 


1(3) 


, 62 


'. er 


^ i 


\ -i(T2, 


-icF2, 


-CTl, 


-CTl} 


(3) 


63 


[ ei 


i 


CT3, 


CT3, 


-1, 


1 ; 


1(2) 


, 63 


. 62 


^ \ 


. -CTl, 


-CTl, 


«CT2, 


-«CT2 } 


;i) 


63 


[ 64 


\ 


CTl, 


-CTl, 


-jCT2, 


— «CT2 ] 


1(4) 


63 


i 65 


^ \ 


-CT3, 


CT3, 


-1, 


-1} 


[4) 


63 


[ 66 




«CT2, 


«CT2, 


CTl, 


-CTl ^ 


1(3) 


, 63 


. 67 


^ i 


[ -1, 


-1, 


-CT3, 


CT3 } 


[3) 


64 


[ 61 


^ \ 


-CTl, 


-«CT2, 


-CTl, 


— «CT2 ] 


\(3) 


, 64 


. ^2 




-CT3, 


-1, 


-CT3, 


-1} 


(4) 


64 


[ 63 


^ \ 


-CTl, 


«CT2, 


-CTl, 


i<J2 ] 


\(4) 


, 64 


■ 65 


^ i 


CTl, 


-«CT2, 


-CTl, 


io-2 } 


(1) 


64 


[ 66 


^ ] 


[ 1, 


CT3, 


-1, 


-CT3 ' 


U2) 


64 


i 67 


^ i 


«CT2, 


CTl, 


-«CT2, 


-CTl} 


2) 


65 


[ ei 


\ 


CT3, 


1, 


CT3, 


-1 ' 


\(3) 


, 65 


. ^2 




. -CTl, 


-«CT2, 


-CTl, 


iCT2 } 


[4) 


65 


[ 63 


^ \ 


CT3, 


-1, 


CT3, 


1 ; 


h4) 


, 65 


' 64 


i 


-CTl, 


«CT2, 


-CTl, 


-io2 } 


(1) 


65 


[ 66 


1 


-iCT2, 


-CTl, 


«CT2, 


-CTl 


\(2) 


65 


[ 67 




[ 1, 


CT3, 


-1, 


03 } 


'2) 


66 




^ ] 


«CT2, 


-CTl, 


CTl, 


— iCT2 [ 


h4) 


, 66 


. ^2 






-CT3, 


CT3, 


-1} 


[3) 


66 


[ 63 


1 


-iCT2, 


-CTl, 


-CTl, 


— ICT2 ] 


1(3) 


, 66 


■ 64 


^ i 


: -1, 


-CT3, 


-CT3, 


-1} 


(2) 


66 


' 65 


1 


[ «CT2, 


CTl, 


-CTl, 


~ia2 


1(2) 


66 


[ 67 


^ \ 


-CTl, 


«CT2, 


io-2, 


-CTl} 


'1) 


67 


[ 61 


1 


[ -1, 


CT3, 


-CT3, 


-1 ' 


1(4) 


, 67 


62 


^ \ 


«CT2, 


-CTl, 


CTl, 


iCT2 } 


[3) 


67 


k 63 


1 


[ 1, 


CT3, 


CT3, 


-1 ' 


1(3) 


, 67 


'. ^4 


^ i 


\ -«CT2, 


-CTl, 


-CTl, 


i02 } 


(2) 


67 


[ 65 




[ -1, 


-CT3, 


CT3, 


-1 ' 


\(2) 


, 67 


( 66 


i 


CTl, 


-«CT2, 


-«CT2, 


-CTl} 


(1) 



S. De Leo and K. Abdel-Khalek - pag. 20 



APPENDIX A2 



In this appendix we explicitly give the rules which enable us, given a generic 8x8 real matrix, to quickly obtain 
its octonionic counterpart. 





71 


61 


ei 






Ai 


\ 




72 


S2 


f2 


^2 


m 


A2 




0:3 03 


73 


S3 


£3 


f3 


m 


A3 




tti 04 


74 


Si 


€4 


ip4 


m 


A4 




"5 05 


75 


S5 


£5 


^5 


V5 


A5 




"6 06 


76 




£6 


<P6 


V6 


Ae 




0:7 07 


77 


S7 


£7 


V7 


m 


At 




\ as 08 


78 


Ss 


£8 




V8 


As 


/ 



64 



^ — ^ ^ ^mPm 1 
m=l 



(79) 



where real numbers and 



Pi = 


= 1 




P2 = 


= 61 


P3 -- 


= 62 




Pi 


= 63 




= 64 




P5 = 


= 65 


, P7 -- 


= 66 




Ps 


= 67 


P9 = 


= 1 1 


61 , 


Pw 


= 1 1 62 


, Pn 


= 1 1 


63 , 


P12 


= 1 1 64 


Pis 


= 1 1 


65 


pu 


= 1 1 66 


, Pl5 


= 1 


67 


PI6 


= 61 1 ei 


Pl7 


= 62 


1 62 , 


pis 


= 63 1 63 


, Pw 


= 64 


1 64 , 


P20 


= 65 1 65 


P2I 


= 66 


1 66 , 


P22 


= 67 1 67 


, P23 


= 61 


)62 , 


P24 


= 61 ) 63 


P25 


= 61 


) 64 , 


P26 


= 61 ) 65 


, P27 


= 61 


) 66 , 


P28 


= 61 ) 67 


P29 


= 62 


)6i , 


P30 


= 62 ) 63 


, P31 


= 62 


) 64 , 


PS2 


= 62 ) 65 


P33 


= 62 


) 66 , 


P34 


= 62 ) 67 


, P35 


= 63 


)6l , 


P36 


= 63 ) 62 


P37 


= 63 


) 64 , 


P3S 


= 63 ) 65 


, P39 


= 63 


) 66 , 


P40 


= 63 ) 67 


P41 


= 64 


)6i , 


P42 


= 64 ) 62 


, Pi3 


= 64 


)63 , 


P44 


= 64 ) 65 


P45 


= 64 


) 66 , 


P46 


= 64 ) 67 


, Pi7 


= 65 


)6l , 


P48 


= 65 ) 62 


P49 


= 65 


)63 , 


P50 


= 65 ) 64 


, P51 


= 65 


) 66 , 


P52 


= 65 ) 67 


P53 


= 66 


)6l , 


P5i 


= 66 ) 62 


, P55 


= 66 


)63 , 


P56 


= 66 ) 64 


P57 


= 66 


) 65 , 


P58 


= 66 ) 67 


, P59 


= 67 


)6i , 


P60 


= 67 ) 62 


P61 


= 67 


)63 , 


P62 


= 67 ) 64 


, Pes 


= 67 


)65 , 


P64 


= 67 ) 66 



TABLE A2 

Real coefficients for the octonionic barred operators 



Xl = 


(5ai +02+ 73 + 54 + £5 + + '77 + A8)/12 


X2 


= (4ai 


- 01 - 


- 74 


- £6 + 'P5 H 


h»?8-A7)/10 


X3 = 


(5a;-i + /34 - 71 - f>2 - £7 - V8 + »?6 + A6)/12 


X4 


= (5a4 


- 03 - 


^72 


- 5l - £8 + 


^7 - r/6 + \r,)/12 


X5 = 


(5a5 + 0<i + + - - V2 - m - A4)/12 


XQ 


= (5Q6 


- 05 - 


78 


- + 62 - 


+»;4 - A3)/12 


X7 = 


(5a7 - /38 - 75 + ^6 + es - '/'4 - »?i + A2)/12 


XS 


= (3Q8 


-07- 


- 76 


- <55 + £4 4 


tp3 - ri2 - Xi)/12 , 


Xg = 


(02 - 4/3i + 74 + ee - - »?8 + ^7)710 


Xio 


= (as - 


04- 


571 


f <52 + £7 4 


V'S - f?5 - A6)/12 


Xii = 


(«4 +03-12- 55l +£s-V7+m- ^5)712 


X12 


= («5 - 


06- 


77 - 


Ss - 5£i 4 


¥'2+»?3 + A4)/12 


X13 = 


(q6 + ft - 78 + '57 — £2 - 5(/31 — ??4 + A3)/12 


X14 


= (a7 + 


08 + 


75 - 


<56 - £3 + 


^4 - 5m - A2)/12 


X15 = 


(08 + 07 + 16 + - <^4, - f3 + m - 3Ai)/8 


xw 


= (-01 


- 502 + 73 + <54 + £5 


+ V6 + r?7 4A8)/12 , 


X17 = 


(-ai +02- 573 + <54 + €5 + V6 + r?7 + A8)/12 


XIS 


= (-ai 


+ 02 


+ 73 


- 564 + €5 


+ ¥'6+»?7 + A8)/12 , 


Xig = 


i-ai +02+13+S4- 5e5 + + r?7 + A8)/12 


X20 


= (-ai 


+ 02 


+ 73 


+ 54 + es - 


-5¥'6+'77 + A8)/12 , 


X21 = 


(-fH + FI2 + T5 + ^4 + <-.-, - 5r,7 + AsV/12 . 


■l'22 


= (-m 


+ 32 




J- <54 4 rr, - 


f ^(i 4r/7 - 5A8)/12 . 
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TABLE A2-L 

Real coefficients for the octonionic left-barred operators 



a;23 




( — 04 


— P3 — 572 — 01 


^ 1,— l\\/lO 

— £8 + 1/57 — W + As]/ 12 


a; 24 




(as - 


/34 + 71 — 5(52 - 


^ 1,- ™^ \\/io 
- £7 + "^38 — '75 — A6)/12 , 


a;25 




{—"6 


- P5 + 78 - 07 


- i>t2 - Vi + Vi - As)/ 12 


a;26 




[as - 


/36 - 77 - 08 + 


£1 — 5iy32 + ^ + A4j/12 , 


^27 




{as + 


P7 + 76 + "5 — 


<:4 — V3 — ■5'72 + Ai j/i2 


a;28 




( ^, 


— Ps — 75 + 06 


+ £3 — V'l — ^71 — &A2j/12 , 


a; 29 




{04 — 


5/33 — 72 + <5i 4 


- tS — + V6 - Asj/li 


2:30 




(-02 


— /3i — 74 — 5(5^ 


- ^6 + ¥'5 + % - A7}/12 , 


2:31 




( — Q17 


- P8 - 75 + 06 


- 5e3 — (/)4 — »71 + A2j/12 


2:32 




(P7 - 


¥'3)/2 




2:33 




{015 — 


P6 — 77 — c>8 + 


ei + ¥'2 — 5»73 + A4)/12 


2:34 




("6 + 


/35 — 78 + 07 — 


£2 + f/'l — r?4 — 5A3j/12 , 


2:35 




{—as 


- 5/34 — 71 — 


— £7 - 1^8 + '?5 + A6)/12 


a;36 




(a2 + 


/3l - 474 + £6 - 


- v's — f;8 + A7)/io , 


2:37 




{—as 


- P7 - 76 - 05 


- -ie^ + 1^3 — '/a — Ai_)/8 


^38 




(07 + 


P8 + 75 - 06 - 


£3 — 5ly34 + J7l — A2 V 1 


2:39 




{—"6 


- P5 + 78 - 07 - 


f £2 — 1^1 - 5r?4 — A3j/12 


X40 




(,"5 - 


/36 - 77 - 08 + 


£1 + V2 + f?3 - 5A4j/12 , 






{^6 — 


5/35 — 78 + ^7 - 


- £2 + ¥'1 ~ '74 + A3 )/ 12 


a; 42 




1 ^ 1 
(Q^7 + 


Ps - 575 — (56 - 


- £3 + Iy34 + JJl — A2j/12 , 


2:43 




(-P7 


- 05)/^ 




^44 




(,-02 


- /3i - 74 - €6 


- 4(^5 +»y8 - A7)/10 


2:45 




{— «3 


+ P4 — 71 ~ 02 


~ £7 — 1^8 — brjs + AgJ/ 12 


a; 46 




( — 04 


- /33 + 72 - 5l 


- £8 + ¥'7 - »?6 - 5A5)/12 , 


2:47 


= 


{-as 


- 5/36 + 77 + (58 


- ei - 932 - ns - ^4)712 


a; 48 


= 


("8 + 


/37 - 376 + (55 - 


- £4 - ¥'3 + '72 + Ai)/8 


^49 






— Ps — 15 — 5(56 


+ 63 — i^4 — T}i ~\- A2)/12 


a?50 




(CK2 + 


/3i + 74 - 4e6 - 


- V5 - % + A7)/10 


2:51 




{a4 + 


/33 - 72 + (5i + 


£8 - ¥'7 - 5»76 - A5)/12 


2:52 




(-Q3 


+ /34 — 71 — "52 


- £7 - 1^8 + r?5 - 5A6)/12 , 


2:53 




{—as 


- 5/37 - 76 - (55 


+ €4 + ip'j, -f]2- Al)/8 


2:54 




(-"5 


+ /36 - 577 + 5i 


- £1 - (/32 - »?3 - A4)/12 , 


2:55 




{ae + 


/35 - 78 - 5<57 - 


- 62 + ipi - ri4 + A3)/12 


a;56 




("3 - 


/34 + 71 + <52 - 


5£7 + 1^38 - 175 - A6)/12 , 


2:57 




{-a4 


- /33 + 72 - <5i 


- €8 - 5</37 - % + A5)/12 


2:58 




(02 + 


/3l + 74 + £6 - 


•Ps-m- 4A7)/10 


2:59 




{a7 — 


5/38 + 75 - <56 - 


- €3 + (f4 + -rii - A2)/12 






(-06 


- /35 - 578 - (57 + £2 - 1/31 + r?4 - A3)/12 , 


x&l 




{-as 


+ /36 + 77 - 5(58 


- ei - ip2 - m - A4)/12 


^62 




(^4 + 


/33 - 72 + (5i - 


5£8 ~ ¥'7 + % - A5)/12 






{as — 


/34 + 71 + ^a + 


67 - 5(ps -V5- A6)/12 


a; 64 




(<53 - 


r?8)/2 





We also give the translation rules by right-barred operators. Obviously, we must modify eq. ( |79| ) (p23,....64 will 
represent right-barred operators). 



TABLE A2-R 

Real coefHcients for the octonionic right-barred operators 



2^23 




{-"4 


- 5/33 - 72 - (5l + £8 - 'y37 + % - A5)/12 


3^24 




(03 - 


5ft- 


f 71 - 52 - £7 - V's + ■'75 + A6)712 


3:^25 




{— «6 


- 5/35 - 78 + (57 - £2 - "ySl - »74 + A3)/12 


3:26 




("5 - 


5ft- 


f 77 + 58 -(- £1 - 1(02 - 573 - A4)712 , 


2:27 




(as — 


5/37 - 76 - 55 + £4 + 1/53 - f?2 + Ai)/12 


3^28 




{—a7 


- 5ft -f 75 - 56 - £3 + 1/54 - ryi - A2)712 , 


3:^29 




(04 - 


Ps - 572 -1- 5l - £8 + </'7 - r?6 + ^5)712 


3:30 




{—a2 


-ft 


- 574 - 53 -f £6 - ips - r?s + A7)712 


3^31 




{—a7 


+ Ps- 575 - (56 - £3 + ¥'4 - - -^2)712 


3:32 




{—as 


-ft 


- 576 -f 55 - £4 - (/P3 -f r?2 - Ai)7l2 , 


3:33 




{as + 


- 577 + 58 + £l - 1/32 - f?3 - A4)712 


3:34 




("6 — 


ft- 


578 - 57 + £2 + 1/31 -1- »74 - A3)712 


3:35 




{—as 


- /34 - 71 - 5(52 + £7 + "PS - '75 - A6)712 


3:36 




(02 + 


/3i - 


74 - 553 - £6 + 1^5 + »78 - A7)712 , 


3^37 




{-as 


- P7 + I6- 5(55 - £4 - "y^s + 572 - Ai)7l2 


3^38 




(q7 — 


ft- 


75 - 556 -1- £3 - 1)34 + »7i + ^2)712 


3^39 




{—"6 


+ /35 - 78 - 5(57 - £2 - lysi - 574 + A3)712 


3:40 




(05 + 


ft + 


77 - 558 + 61 - tp2 - m - ^4)712 , 


X41 




("6 - 


Ps+la- h - 5£2 + </3i -1- r?4 - A3)712 


3:42 




(07 - 


ft- 


75 + 56 - 5£3 - 1/P4 + m + ^2)712 


2:43 




(as + 


/37 - 76 - <55 - 5£4 + v'3 - f72 + Ai)7l2 


3:44 




{—a2 


-ft 


-1- 74 - 53 - 5£6 - <^s - m + -^7)712 , 


3^45 




{—as 


- /34 - 71 -f 52 ~ 5£7 + "yss - 175 - A6)712 


3:46 




{-a4 


+ ft 


- 72 - 5i - 5£8 - ip7 + m - -'*5)712 , 


X47 




{-as 


- ft - 77 ~ 58 - £l - 5ip2 + 573 + A4)712 


3:48 




{as + 


ft- 


76 - 55 + £4 - 51,33 - »72 + Ai)7l2 


X49 




( — CK7 


+ ft + 75 ~ 56 - £3 - 5(^4 -Tj-i - ^2)/l2 


3:50 




(«2 + 


/3i - 


74 + 53 - £6 - 51/P5 +ris- ^7)712 


3^51 




(04 — 


ft + 72 + 5i - £8 - 5(/P7 - m + ^5)712 


3:52 




(—0:3 


-ft 


- 71 + "52 + £7 - 5l/JS -rjs - -'*6)712 , 


3^53 




{—as 


- ft + 76 + 55 - £4 - <(33 ~ 5r;2 - Ai)7l2 


3:54 




(-"5 


-ft 


- 77 - 58 - £1 -(- 932 - 5773 -1- A4)712 , 


3^55 




{ar, - 


ft + 7s - 57 + £2 + ipi - 5r;4 - A3)712 


3:56 




{as + 


ft + 


71 - 52 - £7 - v^s - 5)?5 + A6)712 


3^57 




{-a4 


+ ft - 72 - 5i + £8 - v'7 - 5r;6 - A5)712 


3^58 




(«2 + 


/3i - 


74 + 53 - £6 + VP5 - 5»?8 - A7)712 , 


3^59 




(07 — 


ft - 75 + 56 + £3 - V4 + »7i - 5A2)712 


3:60 






+ ft 


- 78 -f 57 - £2 - 931 - »74 - 5A3)712 , 


3^61 




{-as 


- ft - 77 - 58 - £l + </P2 + »?3 - 5A4)712 


3^62 




(04 - 


ft + 


72 -f 5i - £8 + ¥'7 - % - 5A5)712 


3:63 




{as + 


ft + 71 ^ - «7 - 1^8 + ^75 - 5A6)712 


X64 




{-a2 


-ft 


4-74 - 53 -|-£6 - i/>5 - J?8 - 5A7)712 . 
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APPENDIX Bl 

We give the action of barred operators on octonionic functions 

Tp ='lpl+ 62^2 + 64-03 + 66-04 [ -01,...,4 G C{1, Ci) ] 

In the fohowing tables we use the notation 

62 {—02, -01, -V'4, i'a} , 

to indicate 

62-0 = - -02 + 62-01 - 64V'4 + eeV"! • 



TABLE Bla 







ioii oil / ( 


[' 1 lie oc'loiiioiiic* 


)arr( 


(I opci 


alors. ( 


,„ and 1 


''lit 






6lV'l, 


-61-02, 


-61-03, 


-6104 } , 


1 


ei 


- { 


61-01, 


eiV'2, 


eiV'3, 


6lV'4 } 


-V'2, 




-V'4*, 


rs } , 


1 


62 


- { 




V'l*, 


V'l, 


-V'3 } 


eiV-'2, 


-6101, 


-61 V4, 


«iV4 } , 


1 


63 


- { 


eiV'2, 




6lV4, 




-■03, 


■01, 


V'l, 


-V'2 } , 


1 


64 


- { 


-0'3, 


-V'l, 


V'l, 


r2 } 


6lV'3, 


eiV'l, 


-eitpi, 


-eiVI } , 


1 


65 


- { 


eiV'3> 


-61 V'l, 


-6iV'r, 


eiV'2 } 






02*, 


V-i } , 


1 


66 


- { 








ri } 


6lV'4, 


6lV'3, 


-61-02, 


61-01 } , 


1 


67 


- { 


-6lV'4, 


-6lV'3, 


6lV'2, 


6lV'l* } 



61 
62 
63 
64 
65 

66 
67 



TABLE Bib 

Action on ^, of the octonionic barred operators, e-m \ e-m 



ei 1 61 - 


- { 


-V'l, 


V'2, 


V'3, 


V'4 } 


62 


62 - 


- { 


-V't, 


-V'2*, 


V'3, 


V'4 } , 


63 63 - 


- { 


-0r, 


V'2*, 


V'3, 


V'4 } 


64 


64 - 


- { 


-V4, 


V'2, 


-V'3*, 


V'4 } , 


65 1 65 - 


- { 


-V'l*, 


V'2, 


03, 


V'4 } 


66 


66 - 


- { 


-V'l*, 


V'2, 


V'3, 


-V'l } , 


67 1 67 - 


- { 


-V'l*, 


V'2, 


V'3, 


V'l } 
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TABLE Bl-L 

Octonionic left-barred operators action on i/) 



ei 
ei 
ei 

62 
62 

62 
63 
63 
63 
64 
64 
64 
65 
65 
65 

66 
66 
66 
6r 
67 
67 



62 
64 
66 
61 
64 
66 
61 
64 
66 
61 
63 
66 
61 
63 
66 
61 
63 
65 
61 
63 
65 



{ -eiV'2 

{ -eiVa 

{ -eiV'4 

{ -eiV'2 

V'4 
-V'3 

V'2 

{ -eiV'4 

{ CIV'S 

{ -eiV'3 
{ eiV'4 

V'2 
V'3 
V'4 

{ -eiV'2 
{ -eiV'4 
{ -eiV'3 

eiV'2 
-V'4 

V'3 
-V'2 



, -eiV'i, 


eiV'i, 


, -eiV'4> 


-eiV'i, 


, eiV'3, 


-eiV'2, 


eiV'i, 


-eiV'i, 


-V'3, 


-V'2*, 


, -V'4, 


-V'l*, 


^1, 


V'l, 


, eiV'3, 


eiV'2, 


, eiV'4, 


-eiV'i, 


, eiV'i, 


eiV'i, 


eiV'3, 


-eiV'2, 


ri, 


-V'4, 


, -V'4*, 


V'l, 


V'3*, 


-V'2, 


eiV't, 


eiV'4, 


, -eiV'3, 


eiV'2, 


eiV'4, 


eiV'i*, 


, -eiV'i, 


eiV'i, 


, -V'3*, 


V'2*, 


, -V'l, 




, -V'J, 


-V'l, 



-eiVs* } 
eiV'i } 

-eiVi* } 
eiV'3* } 

} 

-^2* } 



-V'3* 

eiV'J 
eiV'2 



-eiV'i } 



-eiV'i* 

V'2* 

eiV'3 

eiV'i 
-eiV'2 } 
-eiV'3 } 

-V'l } 
i>2 } 

^3 } 



61 
61 
61 
62 
62 
62 
63 
63 
63 
64 
64 
64 
65 
65 
65 
66 
66 
66 
67 
67 
67 



63 
65 
67 
63 
65 
67 
62 
65 
67 
62 
65 
67 
62 
64 
67 
62 
64 
67 
62 
64 
66 



{ -V'2* 
{ -V'3* 
{ V'l 

{ eiVi* 
{ -eiV'4 
{ -eiV'3 
{ -eiVi* 

-V'4 
-V'3 

-V'4 

{ eiVi* 
{ eiV'2 

{ eiV'4 
{ -eiV'i* 

V'2 
V'3 
-V'2 

{ -eiV'i* 

{ eiV'3 

{ -eiV'2 

{ eiVi* 



, -V'l*, 


-V'l, 


V'3 } 


V'l, 


-V'l*, 


-V'l } 


V'3*, 


-V'2*, 


v-r } 


eiV'i, 


eiV'3, 


eiV'4 } 


, -eiV'3, 


eiV'i, 


eiV'i* } 


, eiV'4, 


eiV'i*, 


-eiV'i } 


, eiV'i, 


-eiV'3, 


-eiV'4 } 


-V'3, 


V'l, 


-^1* } 


, V'4, 


-V'l*, 


-V'l } 


, -V'3*, 


-V'2, 


-V'l* } 


, eiV'2, 


eiV'i, 


eiV'4 } 


, -eiVi*, 


eiV'4, 


-eiV'3 } 


, eiV'i, 


eiV'2, 


-eiVi* } 


, -eiV'2, 


eiV'i, 


-eiV'4 } 




V'4, 


-V'l } 


, -V'l, 




-^2 } 


, -V'l*, 


-V'l, 


-V'3 } 


, -eiV'2, 


-eiV'3, 


-eiV'i } 


, -eiV'i, 


-eiV't, 


-eiV'2 } 


, eiVi*, 


-eiV'i, 


-eiV'3 } 


, eiV'2, 


eiV'3, 


-eiV'i } 



TABLE Bl-R 
Octonionic right-barred operators action on V 



61 


62 - 


- { 


-eiV'i, 


-eiVJ, 


-eiV'i, 


ei^l } 


61 


[ 63 - 


- { 


-V'l, 


-V'l*, 


-V'l, 


^1 } , 


61 


[ 64 - 


- { 


-eiV'3, 


eiV'i, 


-eiVi*, 


-eiV'i } 


61 


[ 65 - 


- { 


-^1, 


-V'l, 


-V'l*, 


r2 } , 


61 


[ 66 - 


- { 


-eiV'i, 


-eiV'i, 


eiV'i, 


-eiV'i* } 


61 


. 67 - 


- { 


V'l, 


-^1, 


V'l, 


ri } , 


62 


[ 61 - 


- { 


-eiV'2, 


eiV'i, 


eiV'i, 


-eiVI } 


62 


. es - 


- { 


eiV'i*, 


eiV'i, 


-eiV'3, 


-eiV'4 } , 


62 


[ 64 - 


- { 


V'l, 


-V'3, 


-V'2, 


^1 } 


62 


65 - 


- { 


eiV'i, 


eiV'i, 


eiV'2, 


t^i } , 


62 


[ 66 - 


- { 


-V'l, 


-V'l, 


-V'l, 


-V'2 } 


62 


[ 67 - 


- { 


eiV'i, 


-eiV'i, 


eiV'i, 


-eiV'2 } 


63 


[ 61 - 


- { 


V'2, 


V'l, 


-V'l, 


V'l } 


63 


62 - 


- { 


-eiV'i*, 


eiV'i, 


eiV'3, 


eiV'4 } , 


63 


64 - 


- { 


eiV'i, 


eiV'3, 


-eiV'2, 


eiV'i } 


63 


■ 65 - 


- { 


-V'l, 


^3, 


-V'2, 


-^1 } , 


63 


[ 66 - 


- { 


-eiV'i, 


eiV'i, 


-eiV'2, 


-eiV'i } 


63 


[ 67 - 


- { 


-V'l, 


-V'l, 


-V'l, 


V'2 } , 


64 


[ 61 - 


- { 


-eiV'3, 


-eiV'i, 


eiV'i, 


eiV'i } 


64 


[ 62 - 


- { 


-V'l, 


-V'3, 


-V'l, 


-V'l } , 


64 


. ^3 - 


- { 


-eiV'i, 


eiV'3, 


eiV'i, 


-eiV'i } 


64 


. 65 - 


- { 


eiV'i, 


-eiV'2, 


eiV'i, 


-eiV'4 } , 


64 


[ 66 - 


- { 


V'l, 


V'l, 


-V'3, 


-V'l } 


64 


. 67 - 


- { 


-eiV'i, 


-eiV'i, 


-eiV'i, 


-eiV'3 } 


65 


[ 61 - 


- { 


V'3, 


V'l, 


V'l, 


-^1 } 


65 


[ 62 - 


- { 


-eiV'i, 


-eiV'3, 


eiV'i, 


-eiV'i } 


65 


[ 63 - 


- { 


^1, 


-V'3, 


V'l, 


V'l } 


65 


64 - 


- { 


-eiV'i*, 


eiV'2, 


eiV'i, 


eiV'4 } , 


65 


■ 66 - 


- { 


eiV'i, 


eiV'i, 


eiV'i, 


-eiV'3 } 


65 


. 67 - 


- { 


V'l, 


V'l, 


-V'l, 


^^3 } , 


66 


. ^1 - 


- { 


-eiV'4, 


eiV'3, 


-eiV'i, 


eiV'i } 


66 


62 - 


- { 


V'3, 


-V'4, 


V'l, 


-V'l } , 


66 


[ 63 - 


- { 


eiV^I, 


eiV'4, 


eiV'i, 


eiV'i } 


66 


[ 64 - 


- { 




-V'l, 


-V'4, 


-V'l } , 


66 


[ 65 - 


- { 


-eiV'2, 


-eiV'i, 


eiV'4, 


eiV'i } 


66 


. er - 


- { 


-eiV't, 


eiV'2, 


eiV'3, 


-eiV'4 } , 


67 


61 - 


- { 


-V'4, 


V'3, 


-V'l, 


} 


67 


62 - 


- { 


-eiV'3, 


eiV'4, 


-eiV'i, 


-eiVI } , 


67 


[ 63 - 


- { 


V'l, 


V'4, 


V'l, 


-V'l } 


67 


[ 64 - 


- { 


eiV'i, 


eiV'i, 


eiV'4, 


-eiV'i } , 


67 


[ 65 - 


- { 


-V'l, 


-V'l, 


V'4, 


-V'l } 


67 


[ 66 - 


- { 


eiV't, 


-eiV'2, 


-eiV'3, 


-eiV'i } • 
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APPENDIX B2 

In the following charts we establish the connection between 4x4 complex matrices and octonionic left/right-barred 
operators. We indicate with TZmn {Cmn) the 4x4 real (complex) matrices with 1 (i) in mn-element and zeros else- 
where. 







1 

2 


4x4 comtilex matrices and left— barred otiera'tOT's * 


7^ll 


<— > 


1 — ei 1 ei 1 

-■-1 -L J 


■7^12 


•«— > 


1 
6 


2ei ) e-^ -\- e-:i ) e-i — 2 \ eo — eo -\- eA ) ea — Cfi ) ca -\- ) 67 — 67 ) ] 


^13 


•*— > 


1 
6 


2ei ) ee; + e«i ) ei — 2 1 64 — 64 + efi ) eo — 62 ) efi + e? ) 63 — e'i ) e? 1 




<— > 


1 
6 


2ei ) 67 + 67 ) d — 2 66 — ee + 62 ) 64 — 64 ) 62 + eg ) 63 — 63 ) 65 ] 


Till 


•*— > 


1 
2 


62 + 63 ) 61 ] 


^22 


•«— > 


1 
6 


1 + 61 1 61 + 64 1 64 + 6t; 1 + efi 1 6fi + 67 1 67 1 f 62 1 60 + 63 1 63 1 




<— » 


1 
2 


— 62 ) 64 — 63 ) 6^; 1 


1^24. 


•«— » 


1 
2 


63 ) 67 — 60 ) 6fi 1 


Tlai 


•*— > 


1 
2 


64 + 6>; ) 61 1 




<— > 


1 
2 


— 6c; ) 63 — 64 ) 62 1 


'<-33 


^ — ^ 


1 
6 


1 + 61 1 61 + 62 1 62 + 63 1 63 + 66 1 66 + 67 1 67 ] — - [ 64 1 64 + 65 1 65 ] 


^34 


•«— » 


1 
2 


65 ) 67 — 64 ) 6fi 1 

tj y 1 ^ y \j J 


^41 


<— » 


1 
2 


66 — 67 ) 61 ] 


^42 


•«— » 


1 
2 


67 ) 63 — 66 ) 62 1 

1 y vj y ^ J 


^43 


•«— » 


1 
2 


^7 ) ^5 ~ ^6 ) 64 1 

( y -J u y J 


/<-44 


^ 


1 

6 


1 + 61 1 61 + 62 1 62 + 63 63 + 64 64 + 65 65 ] — - [ 66 66 + 67 67 ] 


Cll 


•«— » 


1 
2 


1 1 61 + 61 1 

1 ' X J 


C12 


•«— » 


1 
6 


— 2ei ) eo — e-H — 2 1 e-H — eo ) ei + 64 ) e? + efi ) ec^ — e^; ) — e? ) 64 1 


Cl3 


<— » 


1 

6 


- 26i ) 64 - 65 - 2 1 65 - 64 ) 61 - 66 ) 63 - 62 ) 67 + 67 ) 62 + 63 ) 66 ] 


Ci4 


•«— » 


1 
6 


- 26i ) 66 + 67 + 2 67 - 66 ) 61 - 62 ) 65 + 64 ) 63 + 65 ) 62 - 63 ) 64 ] 


C2I 


•«— » 


1 
2 


- 63 + 62 ) 61 ] 


C22 


<— » 


1 
6 


1 1 61 - 61 + 64 ) 65 - 65 ) 64 - 66 ) 67 + 67 ) 66 ] - [ 62 ) 63 - 63 ) 62 


C23 


•«— » 


1 
2 


^ - 62 ) 65 + 63 ) 64 ] 


C24 


•«— > 


1 
2 


>3 ) 66 + 62 ) 67 ] 
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1 






9 


- 65 + 64 ) ei ] 




\ 


65 ) 62 - 64 ) 63 ] 


C32 


2 


C33 ^ 


1 

R 
u 


1 1 61 - ei + 62 ) 63 






65 ) 66 + 64 ) 67 ] 


C34 -^-^ 


9 


C41 ^ 


\ 

2 


67 + 66 ) 61 ] 




1 


- 67 ) 62 - 66 ) 63 


C42 


2 




1 


- 67 ) 64 - 66 ) 65 


C43 


2 


C44 ^ 


1 
6 


1 1 61 - 61 + 62 ) 63 



- [ 64 ) 65 - 65 ) 64 



67 ) 66 - 66 ) 67 ] 



4x4 complex matrices and right-barred operators: 



7^11 ^ 


— 


z 


■ 1 - 61 1 61 ] 






7^12 ^ 


1 

— 


z 


^ - 62 + 63 ( 61 ] 






^13 ^ 


1 

-> — 

2 


— 64 + 65 ( 61 ] 






"7^14 •*- 


1 

-> — 

2 


- 66 - 67 ( 61 ] 








1 

-> — 




261 ( 63 + 63 ( 61 + 2 62 + 62 + 64 ( 66 - 


66 ( 


64 + 65 ( 67 - 67 ( 65 ■ 


^22 


1 

-» — 
6 


'1 + 61 61 + 64 64 + 65 65 + 66 1 66 + 67 


ley 


1 1 r , 

J - ^ [ 62 1 62 + 63 1 63 


^23 


1 

-» — 
2 


- 65 ( 63 - 64 ( 62 ] 






7?.24 


1 

-» — 
2 


>7 ( 63 - 66 ( 62 ] 






■Rix ^ 


1 

-» — 
6 


^ 2ei ( 65 + 65 ( 61 + 2 64 + 64 + 66 ( 62 - 


e2( 


66 + 67 ( 63 - 63 ( 67 ; 


1^32 


1 

-» — 
2 


■ - 62 ( 64 - 63 ( 65 ] 






^33 


1 

-> — 
6 


1 + 61 61 + 62 62 + 63 63 + 66 66 + 67 


ler 


] - i [ 64 1 64 + 65 1 65 


^34 


1 

-» — 
2 


67 ( 65 - 66 ( 64 ] 






^41 


1 

-> — 
6 


261 ( 67 + 67 ( 61 + 2 66 + 66 + 62 ( 64 - 


64 ( 


62 + 65 ( 63 - 63 ( 65 ■ 


^42 


1 

-> — 
2 


>3 ( 67 - 62 ( 66 ] 






^43 


1 

-» — 
2 


65 ( 67 - 64 ( 66 ] 






7?.44 


1 

-» — 
6 


■ 1 + 61 1 61 + 62 62 + 63 63 + 64 64 + 65 


1 65 


] - ^ [ 66 1 66 + 67 1 67 


Cn ^ 


1 

-» — 
2 


; 1 1 61 + 61 ] 






C12 ^ 


1 

-> — 
2 


■ - 62 ( 61 - 63 ] 
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Cl3 ^ - [ - €4 { ei - 65] 

1 r / 

Ci4 ^ - [ - eg ( ei + 67 J 

C2I ^[ 2ei ( 62 - 63 + -2 I 63 + 62 ( ei + 64 ( 67 + 66 ( 65 - 65 ( 66 - 67 ( 64 ] 

C22 ^ ^ [ 1 I ei - 61 - 64 ( 65 + 65 ( 64 + 66 ( 67 - 67 ( 66 ] - ^ [ - 62 ( 63 + 63 ( 62 ] 

C23 -s-^ ^ [ - 65 ( 62 + 64 ( 63 ] 

C24 ^ [ 67 ( 62 + 66 ( 63 ] 

C3I -s-^ ^ [ 261 ( 64 - 65 - 2 I 65 + 64 ( 61 - 66 ( 63 - 62 ( 67 + 67 ( 62 + 63 ( 66 ] 

<^32 ^ [ 62 ( 65 - 63 ( 64 ] 

C33 ^ [ 1 I ei - 61 - 62 ( 63 + 63 ( 62 + 66 ( 67 - 67 ( 66 ] - ^ [ - 64 ( 65 + 65 I 64 ] 

<^34 ^ [ 67 ( 64 + 66 ( 65 ] 

C41 -(-^ ^ [ - 2ei ( 66 - 67 + 2 I 67 + 66 ( 61 - 62 ( 65 + 64 ( 63 + 65 ( 62 - 63 ( 64 ] 

C42 ^ [ - 63 ( 66 - 62 ( 67 ] 

C43 ^ [ - 65 ( 66 - 64 ( 67 ] 

C44 ^ ^ [ 1 I 61 - 61 - 62 ( 63 + 63 ( 62 - 64 ( 65 + 65 I 64 ] - ^ [ 66 ( 67 - 67 ( 66 ] 

The previous tables could be very useful in order to extract octonionic operators multiplication rules or left/right 
barred operators connection. For example, we quickly find 

[ 62 ) 67 + 63 ) 66 ] ^ 2 C24 [ 67 ( 62 + 66 ( 63 ] , and so on . 
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S 
S 

The eqs. (53a-d) [(54a-d), ( ^5a| -d)] represent the octonionic counterpart of the complex matrices given on pag. 49 [694] of 
the book: 

C. Itzykson and J. B. Zuber, Quantum Field Theory (McGraw-Hill, New York, 1985). 
R. Penrose and W. Rindler, Spinors and Space-Time (Cambridge UP, Cambridge, 1984). 
S. Adler, Phys. Lett. 332B, 358 (1994). 
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